[1] We present flexible approaches to modeling the Region 2 (R2) Birkeland current system with the associated partial ring current (PRC) and the Chapman-Ferraro currents for arbitrarily shaped magnetopauses. The R2 field-aligned current sheet and the PRC are constructed with an array of overlapping conical diffuse current segments. The dawnside R2 current is connected to the duskside R2 current azimuthally in the equatorial plane, forming a spread-out PRC. The Chapman-Ferraro shielding field due to an arbitrary magnetopause shape (on the basis of empirical approximations) is derived as a linear combination of spherical harmonics and image dipoles by a least squares minimization. We generalize the Rice Field Model, a modular open field model, to include the effects of these current systems, which are important in the storm time magnetosphere. We demonstrate the feasibility and flexibility of these techniques by modeling a simple R2 Birkeland current and PRC system.
Introduction
[2] Various large-scale current sources contribute to the structure and dynamics of the Earth's magnetospheric magnetic field. These sources include the Earth's dipole, the Chapman-Ferraro magnetopause current, the cross-tail current, the symmetric and partial ring current (PRC), and the global Birkeland currents. During large storms, symmetries that exist in the quiet-time magnetosphere break down. The PRC, closed in the ionosphere by the R2 Birkeland currents, produces an asymmetry of the inner magnetospheric magnetic field, while the magnetopause standoff distance decreases and the flaring of the magnetopause increases. The magnetopause nose, usually convex outward, may form an indentation becoming concave outward [Siscoe and Lu, 2002] . Existing field models do not incorporate the asymmetry due to the PRC/R2 during intense storms adequately or consistently [e.g., Selesnick and Blake, 2000; Reeves and Thorne, 2002] . Magnetopause models that can simulate arbitrary shapes are either very complex and require considerable computational overhead [e.g., Toffoletto et al., 1994; Kloucek and Toffoletto, 1999] , or do not incorporate asymmetries such as indentations at the polar cusps and at the nose [e.g., Tsyganenko, 1995; Schulz and McNab, 1996] .
[3] The Birkeland system, proposed by Birkeland [1908] and discovered by Zmuda and Armstrong [1974] , includes two regions of sheet currents intricately coupled with the ionosphere. The Region 1 (R1) current flows into the ionosphere on the morningside and out of the ionosphere on the eveningside at high latitudes. The slightly weaker R2 current flows counter to the R1 and at slightly lower latitudes [Iijima and Potemra, 1976] . The R2 current closes in the inner magnetosphere by the PRC, while the R1 current is thought to close in the tail by a diversion of the cross-tail current or the magnetopause current [Stern, 1994] .
[4] Numerous attempts have been made to approximate the Birkeland currents' average configuration along with their closure currents with analytic functions [e.g., Tsyganenko, 1988 Tsyganenko, , 1991 Tsyganenko, , 1993 Tsyganenko, , 2000 Tsyganenko, , 2002a Tsyganenko, , 2002b Tsyganenko and Stern, 1996] . Tsyganenko [1991] represented radial currents flowing on a conical surface of finite thickness intersecting Earth along a ring on the ionosphere of constant geomagnetic latitude. The conical surface was warped to conform to the dipolar flow of the Birkeland currents. However, that warping produced negative effects since the magnetic field contribution outside the conical current sheet were left intact and did not realistically represent the Birkeland field. Tsyganenko [2002a] later provided an effective solution to this problem by applying a suitable deformation to the conical field by applying a coordinate transformation. A flexible analytical deformation of spherical coordinates was then fit by least squares to minimize the difference between the field obtained by the Biot-Savart integral and the field of the deformed conical field. These methods do fairly well in representing the average magnetic field effects of the Birkeland currents but do not strictly enforce j k B and lack flexibility to arrange the Birkeland currents in unusual magnetic field configurations as may be required during intense storms.
[5] Kaufmann and Larson [1989] incorporated the Birkeland currents in models by arranging infinitely thin wire segments in a circuit aligned with the model magnetic field.
Unfortunately, the use of infinitesimally thin segments leads to singularities in the field at the physical location of the wires. Donovan [1993] avoided these singularities by developing cylindrical current segments and modeled the effects of the Birkeland currents with loops of flux-tubefilling currents. A negative effect of modeling field-aligned currents with this method is a dissipation of current into all space, when consecutive cylindrical segment ends are mismatched. The use of volume-filling cylindrical current segments also limits the ability to represent current sheets with a smooth variation of current density along adjacent segments. Peroomian et al. [1998] circumvented the field singularities in their approach to Birkeland current modeling, by using a field-smoothing algorithm to spatially smooth the magnetic fields produced by infinitesimally thin current segments.
[6] Our solution to modeling Birkeland currents is similar to Donovan's [1993] in that we represent current sheets of finite thickness. However, instead of using solid cylindrical current segments, we use conical segments of diffuse current. By overlapping adjacent segments, we represent current sheets that thicken in proportion to the flux tube cross section with a smooth variation of current density. Current dissipation is minimal compared to cylindrical segments since the geometry of flux tubes is better represented with conical current segments. In addition, the requirement that the currents be truly field aligned can be strictly enforced, even during intense storms when symmetries that exist in the quiet-time magnetosphere break down. Diffuse current segments thus provide a flexible tool to model complex current structures such as the Birkeland currents and the PRC.
[7] The Chapman-Ferraro current shields the internal large-scale sources within the magnetosphere. Numerous authors have worked on the representation of the magnetopause magnetic field [e.g., Tsyganenko, 1990, and references therein] . Given an analytically tractable boundary for the magnetopause and a distribution of the normal component B n due to all current sources (zero for a fully closed model), the magnetic field can be derived by expressing it as the negative gradient of a scalar potential and solving a Neumann problem.
[8] Every current source within the magnetosphere induces its own shielding currents at the magnetopause [Tsyganenko, 1995] . By specifying the magnetopause with an analytical function, and exploiting the orthogonality of harmonic functions associated with the specific geometry of the boundary, the shielding field can be derived by an inversion integral. Alekseev and Shabansky [1972] and Tsyganenko [1989] derived the shielding field for Earth's dipole within a paraboloid-of-revolution and an ellipsoidal magnetopause, respectively. Voigt [1972] obtained a solution for the dipole and a cross-tail current within a magnetopause represented by a dayside hemisphere joined to a semiinfinite cylinder, while Stern [1985] found one for the dipole and the ring current within a paraboloid-of-revolution. Toffoletto et al. [1994] and Kloucek and Toffoletto [1999] developed models with solutions based on finite difference and finite element methods, respectively. These numerical methods provide the flexibility to model arbitrary magnetopause shapes and to shield any number of internal current sources, but are computationally expensive.
[9] An alternate approach was developed by McNab [1987, 1996] . In their approach, they derived the coefficients of the magnetopause field expansion by a least squares fit to the desired boundary conditions. Tsyganenko [1995] adopted this approach to produce separate shielding potentials for the dipole, the ring current, and the cross-tail current, with a different choice of expansion functions for each source.
[10] In this work, we extend the method used by Schulz and McNab and Tsyganenko in the works cited above to derive the shielding field for all internal current sources of the Rice Field Model (RFM), including the newly developed R2 Birkeland current and PRC. We generalize the least squares approach to represent the scalar potential as a single expansion of nonorthogonal basis functions. This method bypasses the need to use certain complicated harmonic functions native to the specific geometry of a magnetopause shape. In addition, the shielding field for all current sources within the magnetopause can be derived at the same time without having to shield each current source separately with different basis functions. Here we present results for an expansion in a combination of spherical harmonics and image dipoles.
[11] The RFM is a modular magnetic field model, in which the contribution of each large-scale current source is represented by an analytical construct. In published versions of this model [e.g., Toffoletto and Hill, 1986 , 1989 , 1990 , 2000 Toffoletto et al., 1994; Ding et al., 1994; Kloucek and Toffoletto, 1999; Naehr, 2002; Naehr and Toffoletto, 2004] , the field sources include the Earth's dipole, the cross-tail current, the Chapman-Ferraro magnetopause current, and a symmetric ring current, as well as an ''interconnection field'' that connects the interplanetary magnetic field (IMF) to the Earth's polar field and provides the mapping of the interplanetary electric field (IEF) to the ionosphere. Important missing sources are the global Birkeland currents and the PRC. These omissions are marginally important for typical magnetospheric conditions [e.g., Hill and Toffoletto, 1998 ], but are decisive for strongly driven periods, such as during large magnetic storms. In this paper, we advance models of the Birkeland and Chapman-Ferraro currents that are especially suitable for extreme magnetospheric conditions, and show first results from the integration of these models into the existing RFM framework.
Modeling the R2 Birkeland Currents and Partial Ring Current
[12] Consider a single thin wire along the axis of a cylindrical coordinate system (, , z) carrying a variable current I(z) from z 1 to z 2 . We represent a pseudocurrent density and the associated vector potential by
where () is the Dirac delta function. The current density (1) is ''pseudo'' (nonphysical) because it has a nonzero divergence. Its only use is to motivate the functional dependence of A. The actual current density, calculated from r Â (r Â A), is automatically divergence-free.
[13] The introduction of a term [(z 0 )] 2 in the denominator of (2) transforms the vector potential from that of a thin wire to that of a diffuse wire with its current spread out over a thickness proportional to the characteristic length scale (z 0 ) [Tsyganenko and Usmanov, 1981] , thus circumventing the singular value at = 0, z = z 0 . We let (z 0 ) and I(z 0 ) be linear functions of z 0 , ranging from 1 and I 1 at z 1 to 2 and I 2 at z 2 :
[14] The modified vector potential has a single component given by
The magnetic field, computed directly from r Â A, has a single component in the 8 direction:
The current density is straightforward to compute from r Â B, but its properties are more easily demonstrated in Figure 1 , which illustrates the current flow lines and contours of (normalized) current density in the -z plane of a single conical current segment. This figure shows most of the current concentrated within the region z 1 z z 2 and (z 0 ), with I 1 = I 2 , z 2 = Àz 1 = 4.0, 1 = 0.5, and 2 = 2.0. The current peaks at the axis and dies off monotonically away from the axis. The closure currents outside the segment are, of course, necessary to maintain r Á j = 0, but their density is small compared to that inside the segment, and they tend to cancel one another when multiple segments are combined as described below.
[15] The nature of the conical segments of diffuse current provides a feasible approach to modeling complex current structures that follow arbitrary curves in three-dimensional space. The current flows smoothly when two or more current segments with equal strength are joined end-toend. Current sheet distributions with constant surface current density can be formed by arranging current segments side-by-side, provided the axes of two adjacent segments are spaced apart in proportion to their half-thickness. We construct the R2 field-aligned current sheet with an array of these segments, overlapping azimuthally to represent a smooth variation of current density, and expanding in cross section along the magnetic field from the ionosphere to the equatorial plane.
[16] The focus of this work is on the R2 Birkeland currents and PRC. This system was modeled with $200 current loops that have ionospheric footprints approximately along the R2 oval observed by the TRIAD satellite, as quantified by Iijima and Potemra [1976] . Each loop was constructed with 100 to 200 conical current segments pieced continuously end-to-end. These current segments were placed along the model magnetic field from the dawnside ionospheric footprint to the equatorial plane, then azimuthally across midnight in the equatorial plane along a circular arc, then back along the model magnetic field to the duskside ionospheric footprint. The circuit was closed with a straight segment between the dusk and dawn footprints, thus ensuring that the current density and magnetic field of the current distribution be divergencefree. Figure 2 represents the normalized current density of one current loop in the y-z plane. 
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[17] The parameters of each segment 1,2 varied as a function of local magnetic field to represent flux-tubefilling currents, with the cross-sectional area expanding with increasing distance from Earth. The total current carried by each segment remained constant, while the current density varied because of the thickening of the segments. In this work, the latitudinal/radial width of the field-aligned sheet current was specified to increase from $100 km (1°) at the ionosphere to $0.5 R E at the equatorial plane.
Shielding Field for Arbitrarily Shaped Magnetopauses
[18] In this work, the internal sources are the Earth's dipole moment, the ring current, the cross-tail current, and the newly developed R2 Birkeland currents and the PRC. An IMF-controlled interconnection field provides a small but finite normal B n at the magnetopause. This creates an interconnection between the IMF and the field due to the internal current sources and hence an open magnetosphere. The method outlined in this section allows the interconnection field to be treated as an internal current source. Thus the total magnetic field due to all internal large-scale current systems within the magnetopause is defined as B INT .
[19] The Chapman-Ferraro field B CF is curl-free everywhere except at the magnetopause and thus can be expressed as the negative gradient of a scalar potential F CF
[20] Since this magnetic field must be divergence-free, it follows that
[21] We seek to represent the scalar potential as a single expansion that includes spherical harmonics and image dipoles placed outside the magnetopause. The magnetic field due to the spherical harmonics potential expansion is
where P n m are the associated Legendre functions. The magnetic field contribution due to an arbitrary number of image dipoles with moments d i is
where the (r, , ) coordinate system is defined separately for each image dipole.
[22] The sum of these two contributions is written as a single expansion to represent the total magnetic field of the Chapman-Ferraro current system as
where the c j coefficients incorporate G n m , H n m , and d i .
[23] We seek to minimize the variational quantity given by
wheren is the unit vector normal to the magnetopause surface, B INT is the total magnetic field due to all the interior current systems within the magnetopause, and B CF is the magnetic field due to the Chapman-Ferraro currents. We substitute (11) into (12) and get
[24] Next, we minimize with respect to every basis function coefficient c j . The first term in (13) disappears since it does not include any c j terms.
Figure 2. Normalized current density for a field-aligned current loop in the y-z plane. The latitudinal/ radial width is specified to increase from $100 km (1°) at the ionosphere to $0.5 R E at the equatorial plane in order to represent current carried within a flux tube.
[25] Including all terms, we have
Thus we are left to solve for the coefficients numerically from the following
[26] Each integral is over the entire magnetopause boundary. In this work, we adopt a functional form of the magnetopause derived by Shue et al. [1998] on the basis of statistical fits of ISEE 1 and 2 magnetopause crossings. To create an axially asymmetric magnetopause, indentations were made near the cusps by subtracting three-dimensional Gaussian profiles from the function in these regions.
[27] McNab [1987, 1996] used the least squares approach to magnetopause modeling in their source-surface model. They used spherical harmonics to shield Earth's dipole and constructed the tail field lines geometrically. Adding the Birkeland currents to this model, Peroomian et al. [1998] had to shield them with a separate expansion in terms of image wires placed outside the prescribed magnetopause. Tsyganenko [1995] fully shielded Earth's dipole, the ring current, and the cross-tail current with a separate shielding potential for each source. This approach is cumbersome to implement since a different expansion is required for each separate internal current source.
[28] The locations of the shielding dipoles were found by trial-and-error by testing many different configurations. The simplest configuration consisted of one dipole on the dayside at varying distances from the magnetopause nose. Among other formations were one dipole on the dayside 10 R E from the magnetopause nose and additional dipoles 10 R E from the magnetopause on the equatorial plane running down to the far tail at 10 R E intervals. Distributions enveloping the magnetopause were also investigated by adding dipoles 10 R E from the magnetopause equidistant from each other and the Sun-Earth line running down the tail at set intervals. In addition, a varying number of dipoles were placed on the dayside region 10 R E to 30 R E from the magnetopause nose at equidistant intervals, on a line perpendicular to the Earth's dipole axis.
[29] The shielding efficiency was calculated as a percent for the entire set of shielding coefficients by dividing the magnetic flux that leaks through the magnetopause by the total magnetic flux from the internal current sources. The entire set of shielding coefficients included the spherical harmonics plus the different dipole configurations. An average percent error was calculated for each different dipole configuration by changing the magnetopause flaring parameter in the magnetopause by Shue et al. [1998] and also by varying Earth's dipole tilt from 0°to 35°for each set magnetopause shape and attempting to fully shield the internal current sources (i.e., no interconnection field). The best overall shielding was achieved with the placement of eight dipoles on the line perpendicular to the Earth's dipole axis on the dayside region 10 R E to 30 R E from the magnetopause nose, with each shielding dipole tilt equal to Earth's dipole tilt and each dipole set at equidistant intervals. In addition, one dipole was placed just outside each cusp indentation. The average shielding efficiency for this configuration was $99.6%. This configuration is set in the model and should perform with a shielding efficiency above 99.0% shielding for a closed magnetosphere for realistic dipole tilt and solar wind driving.
[30] Our method generalizes the least squares approach to a combination of nonorthogonal basis functions. This facilitates the shielding of an arbitrary number of internal current sources with one simple expansion. The combination of image dipoles and spherical harmonics used in this study allows the flexibility to model the Chapman-Ferraro field for realistic magnetopause shapes. The use of only one of these basis functions would severely limit this model. The solution as an expansion of spherical harmonics does not converge in nonspherical geometries. The solution as an expansion of image dipoles may be possible, but the placement of the dipoles without an automated procedure is cumbersome.
Results
[31] Figure 3 shows magnetic field line tracings of the closed model with a 35°tilt of Earth's dipole. The ChapmanFerraro field effectively shields all currents of the RFM, including the Region 2 and PRC with a total current of 1.0 MA, which is close to the value found by Iijima and Potemra [1976] . The IMF parameters used as input in Shue et al.'s [1998] model were B z = À2.5 nT and D p = 2.0 nPa. Seventy-five coefficients were used in the expansion for the Chapman-Ferraro field, including sixty-five for the spherical harmonics and ten for the image dipoles.
[32] Figure 4 shows magnetic field line plots of the open model with the same IMF input values as above, but with no dipole tilt. Figure 4a shows field line tracings without the R2 Birkeland currents and the PRC. Figure 4b illustrates the effects of the inclusion of the R2 Birkeland current and the PRC, with a total R2 current of 1.0 MA. The magnetic field [33] For the results shown in Figure 4 the model was iterated four times to reach a ''self-consistent'' configuration where the field-aligned currents were truly field aligned. In general, when the Birkeland currents are ''turned on'', the magnetic field lines get distorted from their original position, and thus the field-aligned currents must be replaced parallel to the magnetic field. It was possible to find a ''selfconsistent'' configuration after three iterations. Since the ionospheric footprints are fixed, one of the results was for the PRC to spread out after iterating. This effect can be seen in Figure 5 , which is the magnetic field disturbance along the Sun-Earth line due to the R2/PRC after each iteration. Note that the B z profiles for the third and fourth iterations are practically overlapping, thus indicating that the fieldaligned currents were indeed field aligned after the third iteration.
Conclusion
[34] We have developed practical and flexible methods to model the R2 Birkeland current and PRC and the ChapmanFerraro field for an arbitrarily shaped magnetopause. The R2 and PRC were modeled with diffuse conical current segments, each with a functional representation for the current and magnetic field. The magnetic field effects due to these currents were found with an approximation of the BiotSavart integral. The Chapman-Ferraro field was derived as an expansion of a combination of spherical harmonics and image dipoles using the least squares method. The ''MINRES'' algorithm by Paige and Saunders [1975] was used to find the minimum norm residual solution to equation 16. This procedure runs comfortably on a modern workstation. This method is flexible enough to model realistic magnetopause shapes with axial asymmetries, such as indentations in the polar cusps. We generalized the Rice Field Model, an analytical open field model, to include the magnetic effects of these currents, and showed preliminary results of the new model under typical magnetospheric conditions.
[35] The modeling techniques presented here are feasible for modeling the storm time magnetosphere, where the Birkeland current magnitudes get much stronger and the magnetopause shape can change drastically. We plan to further develop this model to include the effects of the R1 Birkeland currents, and to account for the asymmetry of the inner magnetospheric magnetic field by using more elaborate techniques than presented in this work. We will place the PRC on the basis of statistical studies for the general case, and we will use a combination of observations and simulations for specific events.
